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Abstract-Laminar fully developed flow in an internally finned vertical concentric circular annular duct has 
been nume~cally analysed. The fins are radial and affixed on the outside of the inner tube. The outer wail is 
insulated, while a uniform heat input is applied at the inner tube (buoyancy aiding the flow). It is found that 
buoyancy increases both the friction and the heat transfer. The effect, compared relative to the no buoyancy 
case, is stronger when the number of fins is small or the fins are short. Accounting for the buoyancy effects, a 

finned passage appears to be an even more effective heat exchange device. 

INTRODUCTION 

THE CONCENTRIC circular annular duct is an important 
geometry for many fluid flow and heat transfer devices. 
Indeed, the simplest form of a two-fluid heat exchanger 
is a double pipe made up of two concentric circular 
tubes. The analysis of flow and heat transfer in this 
geometry is therefore very important from an 
engineering standpoint. 

For the purpose of heat transfer augmentation, fins 
are often employed in heat exchange devices [ 1,2]. In a 
double pipe heat exchanger, the fins may be employed 
on the inside of the inner tube or in the annular region. 
The finned annular passage has been the subject of 
some earlier studies [3-61, but the effect of buoyancy on 
flow and heat transfer has not been examined before. 
Such an effect can be quite important, and it is this 
recognition that constitutes the motivation for the 
present work. 

ANALYSIS 

The problem statement 

The problem to be investigated concerns laminar 
fully developed combined free and forced convection 
flow in a vertical internally finned concentric circular 
annular duct. The flow is against gravity, i.e. in the 
vertical direction. The fins are radial, assumed to be of 
zero thickness, and affixed on the outside of the inner 
tube. The cross-section of the duct is shown in Fig. 1; a, 
b and h represent the inner tube radius, the outer tube 
radius and the fin height respectively. A uniform heat 
input Q per unit axial length is applied to the inner tube, 
while the outer tube is taken to be insulated. 

Assumptions 

The fins are assumed to be made of a highly 
conducting material (100% efficient). Hence, at any 
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cross-section, the inner tube and the fins have a uniform 
temperature. All fluid properties are assumed constant 
except for the variation ofdensity in the buoyancy term 
which is computed using the Boussinesq approxima- 
tion. Finally, viscous dissipation and compression 
work terms are neglected in the energy equation. 

Governing equations 

For fully developed flow, the velocity components in 
the cross-sectional plane are zero and the axial velocity 
w is itself independent of the axial distance z. Further, 
for the thermal boundary conditions considered, all 
temperatures rise linearly in the axial direction at the 
same rate. The equations governing the problem are : 

where T represents the temperature and dpjdz is the 
uniform pressure gradient in the axial direction. Other 
symbols have their usual meaning and are described in 
the nomenclature. 

Let T,(z) be the uniform temperature of the inner 
tube and the fins at an axial location z. With the 
Boussinesq approximation, the density p at this cross- 
section can be represented as 

P = &Cl +PV,- VI (3) 

where a is the coefficient of volumetric expansion and 
pw, is the density corresponding to Tw. Since T, rises 
linearly with z, p,,, is a function of z. However, in 
accordance with the constant-density approximation, 
we replace p,,, by a constant density p0 corresponding to 
some reference location. Thus. 

P = PoC~+PK---)I. (4) 
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NOMENCLATURE 

a inner tube radius 

b outer tube radius 

7 

specific heat of the fluid 
friction factor, equation (18) 

fRe product of the friction factorfand the 
Reynolds number Re, equation (19) 

(fR& fRe corresponding to the zero Rayleigh 
number (no buoyancy) case 

Gr Grashof number, equation (16) 

.4 acceleration due to gravity 
k fin height 

h, heat transfer coefficient, equation (22) 
k thermal conductivity of the fluid 
ni mass flow rate through the duct 
N number of fins 
Nld Nusselt number, equation (23) 

N& Nu corresponding to the zero Rayleigh 
number (no buoyancy) case 

P pressure 

Q total heat input per unit axial length 
R dimensionless radial coordinate, 

equation (8) 
RL2 Rayleigh number, equation (15) 

Re Reynolds number, equation (17) 
r radial coordinate 
T temperature 

T, inner tube and fin temperature 

r, butk temperature, equation (6) 
$4 axial velocity 
w average axial velocity 
z axial coordinate. 

Greek symbols 

; 

thermal diffusivity of the tluid, k/p,c 
coefficient of thermal expansion 

0 dimensionless temperature, equation 

(10) 
0 angular coordinate 

p viscosity 
1’ kinematic viscosity, ~/pe 

P density 

PW density corresponding to wall 
temperature T, 

PO reference constant density 
n dimensionless axial velocity, equation 

(9). 

The axial temperature gradient (dT/az) can be In equations (6)and (7) the integration is over the cross- 

related to the heat input Q per unit axial length by an section of the annular region, and equation (7) defines 

overall mass balance : the average velocity G. 

dT dT dT Q _=w=d=-- 
The problem can be nondimensionalized by 

t?z dz dz Bit 
(5) introducing 

where Tb is the bulk temperature defined by R = r/u (8) 

Tb =~~W7’rdrdO/~~~rdrdO (6) sI=W~/[u~(+PaB)] (9) 

and rit is the mass flow rate given by 
and 

tit = ~o~~(~~ - a2) = p0 wr dr dO. (7) 
0 = CT- ~)/(Q/~~ (10) 

COMPUTATIONAL 
DOMAIN 

Fro. 1. Internally finned annular passage. 
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where k is the thermal conductivity of the fluid. These 
definitions lead to the following dimensionless form of 
the governing equations : 

+[$Ygq Ran@+1 =0 (11) 

and 

a2 Q [ 1 - = 0 (12) 
n(b* -a*) si 

in which n is the mean value of fi and is related to W by 

Cl=*p/[a2(-~-pPag)]. (13) 

a can be calculated from 

Q=~j/QRdRdOjj~dRdO. (14) 

The Rayleigh number 
In equation (1 l), Ra represents the Rayleigh number 

which is the most important parameter of the problem. 
It is given as 

Ra = 
a2 Gr 

z(b* -a*) Re 

where Gr and Re are the Grashof 
numbers defined by 

Gr = 2dMQlkb31~2 

and 

Re = p,,@2a/p. 

(15) 

and Reynolds 

(16) 

(17) 

The Grashof and Reynolds numbers measure the 
strengths of free and forced convection respectively. 
The Rayleigh number is, therefore, a measure of the 
relative strengths of free and forced’convection. 

The critical Rayleigh number 
The effect of buoyancy is to increase the velocity (aid 

the flow) near the heated inner tube and the fins. For a 
fixed mass flow rate, this implies that the velocity near 
the outer tube must decrease. Beyond a certain critical 
value of the Rayleigh number, the velocity near the 
outer wall becomes less than zero, i.e. the flow reverses. 
Since fully developed solutions involving reverse flows 
are not expected to occur in practical situations, the 
numerical computations were not carried out beyond 
the critical Rayleigh number. 

Dimensionless parameters 
Besides the Rayleigh number, the problem has three 

other geometrical parameters ; the number offins N, the 
radius ratio b/a between the outer and the inner tube, 
and the dimensionless fin height h/a. A more practical 
dimensionless fin height definition would be h/(b-a) 
which ranges from 0 to 1. The following cases were 

solved for : 
N = 8,16,24 

and 

bia = 1.25,2,5 

h/(b-a) = 0,0.5,1. 

For each case, the value of Ra was varied from zero to 
the critical value. 

Boundary conditions 
For an arrangement of N equally spaced fins, the 

required calculation domain is shown in Fig. 1. It is a 
sector of angle Z/N extending from one fin to a location 
half-way towards the next fin. The boundary conditions 
for this domain are straightforward : on the inner tube 
wall and the fin surface, the velocity ti and the 
dimensionless temperature 0 are both zero. At the 
outer tube wall, Q = 13@/aR = 0. The remaining 
boundaries of the domain, shown by dashed lines, are 
lines of symmetry implying aQ/% = a@/LJQ = 0 there. 

Heat transfer and pressure drop parameters 
From an engineering standpoint, the important 

quantities are the friction factor and the Nusselt 
number. The friction factor f is defined as 

f = 2a( - dpldz - p0s)/(p~~*/2) (18) 

and it can easily be shown that 

f Re = 8/n. (19) 

Thus, after a solution for Q has been obtained,fRe can 
be obtained from 0. 

Consider the temperature difference 

T,-T, = -@Q/k 

where 

(20) 

the integration being over the duct cross-section. With 
external heating applied to the inner tube, the heat 
transfer coefficient h, is defined as 

h, = Q 
2na( T, - Tb) 

and thus the Nusselt number Nu is given by 

Nu = W4 _ 1 

k 7cO 

(24 

(23) 

COMPUTATIONAL PROCEDURE 

In an earlier paper, Prakash and Patankar [7] have 
considered this very same problem but for an internally 
finned circular duct. The same numerical procedure has 
been used here and hence the details will not be 
repeated. To summarize the salient features, the task 
here is to solve the coupled Poisson equations (11) and 
(12) for fi and 0. Any numerical formulation can be 
used to discretize the equations, and the one used here is 
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the control-volume-based finite-difference method 
described in [&I. If equations (11) and (12) are solved 
iteratively one at a time, severe ~nv~r~ence-relate 
difiFaculties arise as the Rayieigh number increases. To 
avoid this, the two equations have to be solved in some 
coupled fashion. This coupling is achieved by solving 
the discretized forms of equations (11) and (12) using a 
coupled tri-diagonal matrix algorithm along the 
different grid fines. Details of this coupled TDMA are 
available in [7] ; a minor difference arises, due to 
difference in the boundary condition for R and 0 at the 
outer tube, which can ~asiIy be worked out. As in [7], a 
block-correction procedure was used to promote 
convergence. 

The com~ut~~~ons were performed on a 22 x 16 
(radial x a~gu~ar~grid‘ Anonunif~~m grid spacing was 
used ; the grid iines were packed closely near the fin, the 
fin tip and the inner and outer tube wails, The accuracy 
of the results using this grid was deternlined by 
comparing the results with those available in literature 
for purely forced convection. The results farfRe and 
the Nu in the finless annuli are in agreement with those 
given in f9] and [IO] to within 1 and0.5% respectively. 
For the finned annuli, where the fins extend from inner 
tube to the outer tube, the results of fRe are in 
agreement with those given in f3f to within I”/,. 

RESl.?LTS 

V&My and tern~~r~t~~~ profiles 
Figure 2 shows tbe e&t% of natural cunveet~on on the 

fIow veIocity for a typical case. Here w/G is plotfed as a 

function of the radial coordinate at 0 = HO which 
corresponds to thesymmetry line between two adjacent 
fins. As expected, the effect of increasing RayI~i~h 
number (i.e. increasing buoyancy effects) is to increase 
the velocity near the hot inner tube and the fins. For a 
fixed @‘, the velocity near the colder outer wall must 
decrease. The velocity profile becomes steeper near the 
walls as the Rayleigh number increases which, as we 
shalt see, is the reason for the friction factor to increase 
with increasing Rayleigh number. 

Temperature profiies for the same location and 
co~lditions are shown in Fig. 3. The temperature 
decreases, as expected, as one moves away from the 
heated wail. The overall effect of buoyancy is to make 
the temperature distribution more uniform, i.e. reduce 
the wait to bulk temperature difference. This, as we shall 
see, is manifested in the increase ofNusselt number with 
the Rayleigh number. 

Because of the widely diiT’erent scales involved, it is 
convenient to present the results for the friction factor 
f Re and the Nusselt number Nu with reference to their 
values for zero Rayleigh number. These reference 
values are first presented in Table I. The subscript 0 
identifies the case of zero Rayleigh number. The rest&s 
for non-zero Rayfeigh number are normalized with 
these basic values. 

The eFfect of buoyancy on the friction factor is shown 
in Figs. 4(a)-(c). For each case, the Rayleigh number 
range is limited by the critical Rayleigh number. As can 
be concluded from the figures, the friction factor 

4 

i 

bll3=2.0 
h/(b-ol=0.5 
N=iEi 

3 8=8, 
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FIG. 3. Effect of buoyancy on the temperature distribution. 

increases with the Rayleigh number which, as discussed Rayleigh number, we have the inequality 
before, is due to the steeper velocity profile near the fins 
and the base tube. Measured in terms of the ratio 

(fWcnned (fWo,fhd 

(fRe)/(fRe),, the effect of buoyancy decreases as the (f Wrinless < (f Wo.~inkss 

number of fins or the fin height increases. For a fixed with the difference increasing as the number of fins or 

fRe 
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: 

FIG. 4(a). Effect of buoyancy on the friction factor; b/a = 1.25. 
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FIG. 4(c). Effect of buoyancy on the friction factor; b/a = 5. 

Table 1. Baseline results for the zero Rayleigh number (no buoyancy) case 

(f W, 
W-a) hiZ0) 

N 0 0.5 1 N 0 0.5 1 

b/a = 1.25 0 1523.1 0 22.27 
8 1736.8 1852.4 8 25.37 27.94 

16 2043.1 2359.3 16 31.62 44.33 
24 2430.3 3109.6 24 38.99 71.88 

b/a = 2.0 0 94.53 0 6.116 
8 154.73 195.34 8 11.89 21.21 

16 241.78 433.60 16 16.63 64.65 
24 315.78 805.68 24 17.42 133.95 

b/a = 5.0 0 5.727 0 2.116 
8 15.29 26.80 8 7.376 26.11 

16 21.76 74.14 16 8.010 82.04 
24 24.97 145.24 24 8.078 165.01 
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the fin height increases. In fact, for some cases, decreases as the number of fins or the fin height 

(f Winned can be less than (fRekinlsss. Therefore, increases. However, the ratio Nu/Nu, is not very large 
buoyancy makes a vertically oriented finned duct an so that at any given Rayleigh number, the Nu increases 
even more attractive heat exchange device. with the number of fins and the fin height. 

The effect of buoyancy on the Nusselt number is Finally, the critical Rayleigh number increases as the 
plotted in Figs. 5(aHc). As can be seen, the effect of number of fins or the fin height increases. 
buoyancy is to increase the Nusselt number. Measured From all the above considerations it may be 
in terms of the ratio Nu/Nu,, the effect of buoyancy concluded that a finned passage is an even more 

t 
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FIG. S(a). Effect of buoyancy on the Nusselt number; b/a = 1.25. 
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FIG. 5(b). Effect of buoyancy on the Nusselt number; b/a = 2. 
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FIG. 5(c). Effect of buoyancy on the Nusselt number; b/a = 5. 

attractive heat exchange device when the buoyancy 
effects are accounted for. 

CONCLUDING REMARKS 

Laminar fufly developed combined free and forced 
convection flow in a vertical internally finned annular 
passage has been numerically analysed. It is found that 
buoyancy increases both the friction factor and the heat 
transfer. It is concluded that a tinned passage appears 
an even more effective heat exchange device when 
buoyancy effects are accounted for. 

Acknowledyement-The authors are grateful to the 
Department of Mechanical Engineering, Aeronautical 
Engineering and Mechanics at Rensselaer Polytechnic 
Institute for supporting this work under the auspicies of this 
institute’s BUILD program. 

REFERENCES 

1. A. E. Bergles, Survey and evaluation of techniques to 
augment convective heat and mass transfer. In Progress in 
Heat and Mass Transfer, pp. 33 l-424. Pergamon Press, 
New York (1969). 

2. 

3. 

4. 

5. 

6. 

I. 

8. 

9. 

10. 

R. K. Shah and A. L. London, Laminar Forced Flow 
Come&on in Ducts. Academic Press, New York (1978). 
E. M. Sparrow, T. S. Chen and V. K. Jonsson, Laminar 
flow and pressure drop in internally finned annular ducts, 
Int. J. Heat Mass Transfer 7,583-585 (1964). 
S. V. Patankar, M. Ivanovic and E. M. Sparrow, Analysis 
of turbulent flow and heat transfer in internally finned 
tubes and annuli, J. Heat Transfer 101, 29-37 (1979). 
B. de Lorenzo and E. D. Anderson, Heat transfer and 
pressure drop of liquids in double-pipe fin-tube 
exchangers, Trans. Am. Sot. Mech. Engrs 67, 697-702 
(1945). 
L. Clark and R. E. Winston, Calculation of finside 
coefficients in longitudinal finned-tube exchangers, Chem. 
Engng Prog. 51,147-150(1955). 
C. Prakash and S. V. Patankar, Combined free and forced 
convection in vertical tubes with radial internal fins, J. 
Heat Transfer 103,566572 (1981). 
S. V. Patankar, Numerical Ifeat Transfkr and Fiuid Flow. 
Hemisphere Publishing, Washington (1980). 
T. S. Lundgen, E. M. Sparrow and J. 3. Starr, Pressure 
drop due to theentrance region in ducts ofarbitrarycross- 
section, J. Basic Engng 86, 620-626 (1964). 
R. E. Lundberg, P. A. McCuen and W. C. Reynolds, Heat 
transfer in annular passages: hydrodynamically de- 
veloped laminar flow with arbitrarily prescribed wall 
temperatures or heat fluxes, fnt. J. Heat Mass Transfer 6, 
4955529 (1963). 

EFFET DE PESANTEUR SUR UN ECOULEMENT LAMINAIRE ETABLI DANS UN 
PASSAGE ANNULAIRE VERTICAL MUNI D’AILETTES INTERNES RADIALES 

R&sum&On analyse num~riquement l’icoulement laminaire~tablidans unconduit annulaire concentrique, 
vertical, avec des ailettes intemes. Les ailettes sont radiales et fix&es sur l’extirieur du tube interieur. La paroi 
externe est isolte tandis qu’un flux uniforme est applique sur le tube interieur (la pesanteur aidant 
l’tcoulement). La pesanteur augmente a la fois le frottement et le transfert thermique. L’effet, en comparaison 
du cas sans pesanteur, est plus fort quand le nombre d’ailettes est faible ou que les ailettes sont courtes. En 
tenantcomptedeseffetsdepesanteur,unpassageailettsemble&treuneconceptiond’6changeurdechaleurplus 

efficace. 
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DER EINFLUSS DES AUFTRIEBS AUF DIE VOLL AUSGEBILDETE LAMINARE 
STRGMUNG IN EINEM SENKRECHTEN RINGFGRMIGEN QUERSCHNITT 

MIT RADJALEN INNEREN RIPPEN 

Zusammenfassung-Die voll ausgebildete laminare Striimung in einem innen berippten kreisringfiirmigen 
Kanal wurde numerisch untersucht. Die Rippen sind radial angeordnet und auf der AuBenseite des inneren 
Rohres hefestigt. Die &&ere Wand ist w~~eged~mmt, wahrend eine einheitliche W~rmezufuhr dumh das 
Innenrohr erfolgt (die nattirliche Konvektion unterstiitzt die Striimung). Die Auftriebsstrijmung erhiiht 
sowohldie Reibungalsauchden WBrmetihergang. Dieser Effekt ist starker, wenndieAnzah1 der Rippen klein 

ist oder die Rippen kurz sind. 

B~~~H~E HO~~EMHO~ CMJIbI HA ,~AM~HAPHOE ~OnHOCTb~ PA3BMTOE 
TEYEHHE B BEPT~KA~bHOM KOJIhIJEBOM KAHAJIE C PA~~A~bHblM~ 

BHYTPEHHMMM PEbPAMM 

hHorauwn-%icneHHo ~HiiJLH3kipyeTC~ JlaMHHapHOe nOJHOCTbk0 px3ElkiTOe TeWHMe B Ope6peHHO?.l 

M3HYTPM BepTHKaJlbHOM KOHIIeHTPUSCCXOM KO,lb!&!BOM KaHaJ,e. ki~HaJlbHbIe pe6pa npHKpCWi%OTCn K 

BHelvH& CTeHKe BHyTpeHHCii TPY6bI. Hapyxnan CTeHKa KaHaJIa ~3OJWpOBaHa. B TO BpeMIl KaK 

OIlHOpOLlHbIii TeIUlOBOii IIOTOK IlOliBOiElTCR X BHYTPeHHeii rpy6e (flOW3vW53 C&U%3 CflOCO6CTByeT 

TCWZHMW). YCTaHOBneHO~ 9TO ~~~~e~~a~ CHJia YBe~~q~BaCT KaK TwH"e, TBK M Ten~OO6Me~. 310 

B.WRHlle CTaHOBUTCIl6OJlR CH>bHbtM IlpH MaiIblX YIICJIC U IIJfllHe @kp n0 CpaBHeHMKt C OTCyTCTBHeM 

nOLU.t?MHOii CU;IbI. f+H YWTe BO3LWkTBHR IlOLibeMHO~ CNnbl Ope6peHHbIii KaHaJl OKa3blBaCTCR 6onee 
3~~eKTHBHblM Ten1006MeHHNKOM. 


